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Buckling Response of Transversely Loaded Composite Shells,
Part 2: Numerical Analysis

Brian L. Wardle,∗ Paul A. Lagace,† and Mark A. Tudela‡

Massachusetts Institute of Technology, Cambridge, Massachusetts 02139

The response of transversely point-loaded composite shells is investigated via the finite element method. The
thin, circular cylindrical shells are hinged at a fixed distance apart on the straight edges and are free on the curved
edges. Stability issues are considered, including nonlinear prebuckling, limit points, bifurcation, and postbuckling.
In the finite element formulation, a novel technique is utilized to identify and traverse bifurcation points efficiently
in the nonlinear elastic response. A classic shell buckling benchmark problem is solved here correctly for the
first time; previous studies have found the isotropic shell to have a limit point, when, in fact, the shell bifurcates
before reaching a limit point. Predicted results for graphite/epoxy laminated shells are in excellent agreement with
measured load-deflection and mode-shape evolutions as previously reported. Two cases of extraordinarily good
agreement between the data and model, particularly large-deflection asymmetric deformations modes through a
bifurcation point and far into the postbuckling regime, clearly establish validated new benchmarks. Asymmetries
in both directions of the shell plane, relative to the centrally applied point load, are discussed with regard to
bifurcation and material couplings in the composite laminate. Asymmetric stress distributions are discussed in the
context of composite damage resistance and previous experimental findings on atypical shell damage mode and
extent. The influence of test fixture compliance is evaluated and briefly discussed.

I. Introduction

L AMINATED composites continue to see increased use in high-
performance, weight-critical applications, for example, the hy-

drogen fuel tank in next-generation reusable launch vehicles,1 due
to performance advantages over traditional metallic materials. Ad-
vantages of composites include high specific stiffness and strength,
excellent fatigue characteristics, environmental properties, (for ex-
ample, high operating temperatures), and mechanical tailoring ca-
pabilities. Unfortunately, widespread composites usage has been
deterred by damage and fracture issues, particularly impact damage
resistance/tolerance concerns in the aerospace industry. For exam-
ple, performance reductions, in this case static strength, of greater
than 50% have been correlated with barely visible impact damage
(BVID).2−4 Concerns such as these have driven extensive investiga-
tions into impact damage of composite structures, primarily plates,
and several review papers4−6 have appeared. One significant find-
ing with regard to impact is that quasi-static testing oftentimes gives
an equivalent response, including damage state.7−14 This is particu-
larly true of composite shells such as those considered in this work15

where the mode and extent of damage are known to be equivalent.
Thus, quasi-static testing can simulate impact loading. The static
response then becomes the focus of investigations striving to under-
stand the impact response.

Calculation of the structural response of transversely loaded com-
posite shells requires significant computational effort due to non-
linear geometric/kinematic couplings, large rotations, and buckling.
Analytical and numerical studies, particularly finite element analy-
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ses, have sought to characterize the structural response of composite
shells to static transverse loading (for example, Refs. 16–21) and
also to impact (for example, Refs. 18 and 21–25). The existence of a
shell buckling instability results in (oftentimes drastic) differences in
structural and damage response compared to plates.18,23,26−32 Arches
display similar response characteristics,33,34 and results from arch
analyses are useful to obtain a qualitative understanding of shell
buckling response. Nonlinear collapse at a limit point or bifurca-
tion buckling35 is often the dominant mode of failure for thin shell
structures, and both cases must be considered in any analysis. Bifur-
cation presents additional challenges (such as identification of bifur-
cation points and switching to the secondary path) for finite element
analyses, particularly when nonlinear prebuckling exists. Previous
finite element analyses have found the limit-point response, effec-
tively ignoring bifurcation, by imposition of quarter-models due
to assumed symmetries.16−18,20,21,24,26,36−44 However, finite element
analyses with these assumptions cannot capture the asymmetric bi-
furcation observed in Part 1 (Ref. 45) of this work and, thus, will
not give an accurate prediction of the shell response.

The objective of the present work is to investigate shell buck-
ling response under centered, transverse point-loading by the use
of the finite element method. Particularly, two significant issues in
the shell response that have not been previously addressed are con-
sidered: bifurcation buckling and experimental correlation(s) of the
finite element analyses. Bifurcation from the nonlinear prebuckling
state is incorporated into the finite element analyses by the use of
a novel asymmetric meshing technique (AMT). This technique has
been previously presented46 and is illustrated here using a bench-
mark isotropic shell problem from the literature.47 Finite element re-
sults are compared to experimental load-deflection and mode-shape
data32 for the composite shells described in Part 1 (Ref. 45). Of par-
ticular importance is the calculation of the bifurcation load/mode
that has not been previously reported for these shell structures. The
effect(s) of test fixture compliance on the composite shell behav-
ior are also considered. Insights from the experimental/numerical
comparisons and implications for damage resistance, particularly
observed asymmetric and atypical damage states, are discussed.

II. Approach
The elastic response of transversely loaded composite shells is

investigated in this work by the use of finite elements. The shells
are statically center loaded with boundary conditions of pinned/no
in-plane sliding, that is, hinged, along the straight circumferential
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Fig. 1 Generic shell specimen with ply orientation and geometric vari-
ables Rn (radius), Sn (span), and Tn (thickness); boundary conditions,
displacements, and rotations used in the finite element analysis and
mode shape locations are also indicated.

edges and free along the curved axial edges (Fig. 1). Specifics of
the modeling assumptions, particularly in regard to the experiments,
are detailed in the next section. Refer to the experimental paper45

for details of the experiments and composite shell configurations.
A benchmark isotropic shell problem47 for large rota-

tions/deflections is first evaluated to illustrate typical behavior of
shells in this work. The limit-point solution often found in the lit-
erature is solved by the use of the nonlinear features of the STAGS
finite element code48 and compared to the bifurcation solution ob-
tained with the new technique. The benchmark solutions identify
both the importance of bifurcation and also the utility of the novel
asymmetric meshing technique. Next, both limit-point and bifurca-
tion solutions are computed for each of the composite shells tested
in Part 1 (Ref. 45). Comparisons are made to validate the analyses
based on measured load-deflection data and mode-shape evolutions.
The load-deflection data allow an average structural response com-
parison, whereas the deflection mode shapes give additional insight
into the shell buckling mechanism, particularly whether or not bi-
furcation occurs. The detailed finite element results elucidate the
experimental findings and contribute to a better overall understand-
ing of the buckling and postbuckling behavior of composite shells.

III. Finite Element Modeling
The STAGS finite element code48 is used to analyze the elastic

response of transversely (center) loaded shells. This code is used
extensively to analyze the nonlinear response of (composite) shell
structures. The 410-shell element available in STAGS is utilized for
its applicability to the thin shell structures in this work (see Ref. 49).
This “workhorse” element in the STAGS code employs the non-
linear Kirchhoff–Love shell hypothesis, which ignores transverse
shear. However, it is known to be extremely accurate for modeling
thin shell structures. It is a displacement-based four-node quadri-
lateral C1 shell element having a cubic (translations and rotations)
bending field and a linear/cubic (in-plane translation/transverse rota-
tions) membrane field. The 410-shell element has three translational
and three rotational degrees of freedom per node and also includes
drilling rotational stiffness. The true Newton capability is utilized to
solve the resulting nonlinear equations iteratively. Arbitrarily large
rotations, but small strains, are modeled by the use of the standard
nonlinear corotational procedure44 in STAGS, and limit points are
traversed by use of the Riks arc-length procedure.50

The right-handed curvilinear coordinate system used in this work
is shown for a generic shell in Fig. 1. In all cases, the boundary
conditions are free of traction on the axial edges and hinged on the
circumferential edges. The circumferential edge (hinged) constraint
is represented in the model when all nodal displacements and rota-
tions (u = v = w = Rv = Rw) are set equal to zero, except rotation
about the x axis (Ru), where zero moment is enforced. In the analy-

sis, the shells are transversely point-loaded in all cases at the center
of the shell surface. Quarter-symmetry was not assumed because a
full model of the shell is required to investigate bifurcation.

The novel approach for inducement of bifurcation used in this
work arises from the consideration of traditional techniques, par-
ticularly the effects imperfections have on the finite element model
itself. Traditional techniques for inducement of bifurcation all in-
volve the introduction of perturbations into the numerical model
through the stiffness (or, more correctly, tangent stiffness) matrix via
geometric imperfections or through the loading vector via loading
imperfections. For example, the equivalence transform technique48

in the STAGS code uses the eigenvector of the local bifurcation
mode as an imperfection to perturb the numerical model. Perturba-
tions due to this fictitious imperfection allow a transition to the sec-
ondary bifurcation path because this path is preferred as the lowest
energy state. However, the mode(s) and corresponding amplitude(s)
of the imperfection must be subjectively introduced into the analy-
sis and, thus, require earlier knowledge, experience, and/or search
techniques. Furthermore, such subjective choices result in different
responses, sometimes with little relation to the actual problem be-
ing considered. In the current work, a numerical perturbation to the
stiffness matrix is introduced when the structure is meshed asym-
metrically. The resulting perturbed stiffness matrix in the nonlinear
mathematical model acts to induce bifurcation in the same way as
geometric and loading imperfections in the traditional techniques.
This AMT succeeds in perturbing the numerical model without al-
tering the problem being considered, that is, no imperfections are
introduced. This allows the bifurcation response of the structure (in-
cluding postbuckling), if it exists, to be obtained directly. A complete
discussion of the AMT is presented in Ref. 46.

A typical asymmetric mesh used in this work is presented in Fig. 2.
The shell is divided into two shell units with different mesh densities
and can be contrasted to a typical 10 by 10 symmetric mesh. The
first shell unit covers 60% of the shell in the circumferential (y)
direction, whereas the second shell unit covers the remaining 40%.
The first 60% of the shell (first shell unit) is meshed identically to
the 10 by 10 symmetric mesh with six elements along the curved
surface. The second 40% of the shell (second shell unit) contains
five, rather than four, elements in the circumferential direction. This
creates an asymmetric mesh with 11 elements (total) in the circum-
ferential direction and 110 elements to represent the entire shell.
This distribution, rather than a 50%/50% division, was originally
used to avoid application of the point load along the interface of the
two shell units. Subsequent analyses with various distributions show
that this conservatism was not necessary.46 Discretization is denoted
in this work by a list of the number of elements in the axial (x) direc-
tion and circumferential (y) directions for 60 and 40% of the shell
circumference, respectively. A symmetric mesh of 100 elements is
denoted by a 10 × 6/10 × 4 mesh, whereas the asymmetric mesh of
110 elements described earlier is denoted by a 10 × 6/10 × 5 mesh.

Full details of the experiments analyzed in this work can be found
in Part 1 (Ref. 45). The composite shells tested (in Ref. 45) were
manufactured from Hercules AS4/3501-6 graphite/epoxy prepreg

Fig. 2 Asymmetrically meshed shell discretized into two shell units in
the circumferential (y) direction.
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Table 1 AS4/3501-6 ply material properties

Property Value

E11 142 GPa
E22 9.81 GPa
G12 6.00 GPa
ν12 0.30
Ply thickness 0.134 mm

Fig. 3 Geometry and material data for benchmark shell problem.47

Center load square planform, L = 254 mm, R = 2540 mm, t = 6.35 mm,
β = 0.1 rad, E = 3.10275 GPa, and ν = 0.3.

tape in a [±45n/0n]s layup where n = 1, 2, and 3 (Ref. 32). Ply
material properties used in the analysis are given in Table 1. Ef-
fective laminate properties are computed within STAGS based on
these ply properties. Structural parameters and the orientation of ply
angle θ with respect to the specimen axes are identified in Fig. 1.
Experimental values of radius32 are used in the analysis, whereas
nominal values are used for span and laminate/ply thickness. Nomi-
nal base values X1 for each of the structural parameters are R1 equal
to 152 mm (6 in.) for radius, S1 equal to 102 mm (4 in.) for span, and
T1 equal to 0.804 mm (6 plies) for thickness. Specimens are desig-
nated as in Ref. 45 with subscripts indicating scale factors for the
base values: Xn = n(X1). The shells were loaded with a 12.7-mm
( 1

2 -in.)-diam hemispherical steel indentor at the center of the shell.
This is idealized as a point load at the shell center in the analyses.
The path-parameter (Riks arc-length) method is used to increment
the loading in the analyses. This also differs from the experiments
wherein the load was introduced under displacement (stroke) con-
trol. A mesh of 30 × 12/30 × 9 is utilized to generate smooth deflec-
tion mode shapes in both the axial and circumferential directions for
comparison to the experimental data. Experimental boundary con-
ditions are idealized as hinged on the circumferential edges and
free on the axial edges, as discussed earlier. Effects of loading and
boundary condition idealizations are discussed in Sec. V.

IV. Benchmark Shell Problem
A benchmark shell problem from the literature47 was first ana-

lyzed to illustrate typical shell response, including nonlinear pre-
buckling, nonlinear collapse (limit points), bifurcation, and post-
buckling. Material and geometric properties for the benchmark
problem are given in Fig. 3. Loading and boundary conditions are
identical to those described for the experimental work.

The load-deflection response from the STAGS analysis for the
benchmark isotropic shell problem is presented in Fig. 4, along
with solutions from the literature for comparison.43,47 Both load and
deflection are taken positive in the loading direction shown in Fig. 3.
The limit-point solution corresponds to a symmetric model with 10
elements in both the axial and circumferential directions. This rather
coarse mesh represents a converged solution checked against a more
refined 20 by 20 element mesh (20 × 12/20 × 8) and repeats the
limit-point response found in the literature. The bifurcation solution
corresponds to the asymmetric 10 × 6/10 × 5 mesh.

The behavior of the benchmark shell (Fig. 4) serves to illustrate
two typical buckling responses for point-loaded shells. In the case of
the symmetric mesh and solutions from the literature, a limit point
is reached and the shell buckles into a mode corresponding to the
prebuckling behavior. The buckling mode is symmetric with respect
to the loading in both the axial and circumferential directions. In the

Fig. 4 Limit-point and bifurcation load-deflection paths for bench-
mark shell problem: ——, Sabir and Lock47; - - - - -, Crisfield43; �,
STAGS (limit point); and �, STAGS (bifurcation).

case of the asymmetric mesh, the response bifurcates into a mode
that is asymmetric with respect to the loading in the circumferen-
tial (y in Fig. 1) direction. Traditional techniques for evaluation of
bifurcation with finite elements confirm the bifurcation response
and mode shapes generated by the AMT in Fig. 4 (Ref. 46). The
limit-point and bifurcation responses are qualitatively similar to,
respectively, the well-known extensional and inextensional defor-
mation modes of one-dimensional shallow arches.51 Because the
critical load for the bifurcation is 12% below the limit-point col-
lapse load, bifurcation represents the actual response of the shell.
The limit-point solutions from the literature, including the snap-
back response often mentioned in relation to this problem, wherein
both the load and deflection decrease simultaneously (Fig. 4), will
never be realized because the lower-energy bifurcation path is pre-
ferred. The bifurcation and limit-point solutions converge on the
symmetric postbuckled (final) equilibrium path as expected.

V. Results and Discussion
As noted in Sec. II, both load-deflection and mode-shape data

from the experiments described in Part 1 (Ref. 45) are available for
comparison to the finite element results. Data are available only for
positive loads due to characteristics of the experiments as described
in Ref. 45. In addition to basic comparisons of numerical and ex-
perimental results, the influence of experimental realities (such as
test-fixture compliance) and bending–twisting laminate coupling on
the composite shell response are investigated.

A. Numerical/Experimental Comparisons
Detailed numerical comparisons to measured load-deflection

and mode-shape evolutions for two composite shells (R6 S3T1 and
R12 S3T1) are presented in this section. The location of the central
spanwise mode shape is indicated in Fig. 1. As in the benchmark
problem, both deflection and load are considered positive in the di-
rection of load application (z direction in the coordinate system of
Fig. 1). Displacement is nondimensionalized with respect to speci-
men thickness to emphasize the large-deflection nature of the shell
behavior. All results represent converged solutions attained through
mesh refinement studies. Such studies show that a 10 × 6/10 × 5
mesh is adequate to capture the response, including bifurcation and
postbuckling, of all composite shells considered. However, as indi-
cated earlier, 30 × 12/30 × 9 meshes are used so that smooth mode-
shape plots can be generated for comparison to the experimental
data. In addition to the mesh-refinement studies, all results gener-
ated with the AMT were verified by the use of traditional techniques
for inducing bifurcation.46

Excellent agreement is obtained for the load-deflection response
between the numerical solutions found with the AMT and the experi-
mental data, as shown in Figs. 5 and 6. Both limit-point (symmetric
mesh) and bifurcation (asymmetric mesh) solutions are provided
in the load-deflection responses in Figs. 5 and 6 to emphasize the
importance of the evaluation of bifurcation. Bifurcation is clearly
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Fig. 5 Numerical and experimental48 central load-deflection results
for the transverse buckling response of a composite shell, specimen
R6S3T1, radius = 0.9124 m: �, limit point; �, bifurcation; and �, data.

Fig. 6 Numerical and experimental48 central load-deflection results
for the transverse buckling response of a composite shell, specimen
R12S3T1, radius = 1.743 m: �, limit point; �, bifurcation; and �, data.

Fig. 7a Numerical results for central spanwise deformation modes for
specimen R6S3T1 at different normalized center deflections, wc/T1.

the critical consideration in the response of these two shells, which
buckle at 67% of the limit load in the numerical analysis, in agree-
ment with the observed behavior.

Comparison of central spanwise mode-shape evolutions in Figs. 7
and 8 provide further evidence that the numerical results capture the
experimental behavior. Mode shapes are provided in a global Carte-
sian reference frame, different than the curvilinear system in Fig. 1,
at discrete values of nondimensional center deflection (wc/Tn) to
reference Figs. 5 and 6. Excellent agreement is noted in the mode-
shape development at all values of applied center deflection (stroke)
for both specimens in Figs. 7 and 8. Symmetric mode shapes are ev-
ident for displacements below the critical (bifurcation) point in both
the numerical (Figs. 7a and 8a) and experimental results (Figs. 7b
and 8b). A dominant asymmetric mode, with respect to the load-

Fig. 7b Experimental results48 for central spanwise deformation
modes for specimen R6S3T1 at different normalized center deflections,
wc/T1.

Fig. 8a Numerical results for central spanwise deformation modes for
specimen R12S3T1 at different normalized center deflections, wc/T1.

Fig. 8b Experimental results48 for central spanwise deformation
modes for specimen R12S3T1 at different normalized center deflections,
wc/T1.

ing in the circumferential direction, is evident only after the critical
point between nondimensional center deflections of 3.1 and 6.3 in
Figs. 7. The same transition, from a primary symmetric mode before
bifurcation to a dominant asymmetric mode, is also noted in the nu-
merical and experimental response of specimen R12 S3T1 in Figs. 8
between nondimensional center deflections of 3.2 and 4.9. Bifurca-
tion is easily identified in the mode-shape response as a dominant
asymmetric mode following the critical point in the load-deflection
response for these shells.

Central mode shapes in the axial direction for both specimens
also reveal good agreement between numerical and experimental
results, as seen in Figs. 9a and 9b for specimen R12 S3T1. Unlike the
numerical results in Fig. 9a, the experimental data (Fig. 9b) indicate
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Fig. 9a Numerical results for central axial deformation modes for
specimen R12S3T1 at different normalized center deflections, wc/T1.

Fig. 9b Experimental results48 for central axial deformation modes
for specimen R12S3T1 at different normalized center deflections, wc/T1.

some variation in the axial height of the undeformed specimen,
likely due to gravity loading the shell transversely before any load is
applied by the loading apparatus. This initial deviation in shell height
is further evidenced in the subsequent mode shapes during loading.
However, as shown by the excellent agreement between numerical
and experimental results in Figs. 5 and 6, the initial deviation in shell
height does not appear to affect the shell load-deflection response
significantly. In general, excellent agreement between the numerical
and experimental results are noted for both the axial and spanwise
deformation modes of specimens R6 S3T1 and R12 S3T1.

Shell response in this work is sensitive to imperfections and other
experimental realities, such as imperfect boundary conditions, in-
dentation (contact behavior) at the loading point, and damage. These
effects have not been accounted for in the elastic models in this
work. Determination of the exact point of bifurcation from experi-
mental load-deflection and mode-shape data is subjective because it
involves judging an asymmetric mode from a symmetric one. How-
ever, in many of the cases, such as those presented thus far, it is
clear that bifurcation occurs. In Part 1, one-half (9 of 18) of the
shells tested are noted to bifurcate before reaching a limit point.45

The finite element results are in good agreement with this observa-
tion because the analysis predicts these nine shells to bifurcate. Two
additional shells are predicted to bifurcate, but did not exhibit bifur-
cation in the experimental results. The two specimens that do not
bifurcate experimentally, R12 S3T3 and R6 S2T3, both exhibit strong
elastic interaction with the test fixture. This is evident in the load-
deflection plots for these two specimens and is considered in detail
in the subsection on Experimental Realities in this work.

B. Two-Dimensional Shell Behavior
The predicted postbuckling load-deflection response immediately

following bifurcation, shown in Figs. 5 and 6, contains several lo-
cal minima and maxima that deserve further consideration. These
local minima and maxima are not distinguishable in the experimen-

tal data. The majority of shells analyzed from Part 1 (Ref. 45) that
bifurcate before reaching a limit point display this subtle behavior.
“Snapback” behavior of the benchmark problem can be used to ex-
plain these local minima and maxima in the computed composite
shell response. Snapback is commonly utilized to explain the coun-
terintuitive region of the limit-point response (see Fig. 4) where
both load and deflection decrease during loading (see, for example,
Ref. 44). The snapback explanation holds that, in this region, the
free shell edges snap through to an inverted (collapsed) configu-
ration, whereas the shell center snaps back (decreased deflection).
Snapback, thus, refers to the two-dimensional nature of the buck-
ling response for these shells and is not a feature of one-dimensional
arch response.

The two-dimensional nature of the composite shells studied in
this work also implies that the response can, and does, vary sig-
nificantly between the shell center and free edges (axial direction),
that is, the shell does not deform as an arch. Axial variation in the
deformation mode shapes is evident in the numerical results of the
mode-shape evolutions compared in Figs. 10a and 10b for speci-
men R6 S3T1 near the bifurcation point. The edge mode (Fig. 10b)
corresponds to the back edge in Fig. 1, that is, an axial position
of −152.4 mm (−6.00 in.). By comparison to the load-deflection
behavior of this shell in the vicinity of bifurcation (Fig. 5), the local
minima and maxima can be better understood. As shown in Fig. 10a,
the center of the shell is noted to have an asymmetric (bifurcation)
mode at a wc/Tn value of 5.6, whereas in Fig. 10b, the asymmetric
mode is not evident at the shell edge at a wc/Tn value of 5.6, but is
evident at a value of 6.6. By comparison to Fig. 5, the latter value of
6.6 corresponds to the first local minima. Thus, transition from the
first local maxima (near a wc/Tn value of 5.6) to the first minima
(near a wc/Tn value of 6.6) involves axial propagation of the asym-
metric mode from the center to the free shell edges. Based on similar

Fig. 10a Numerical results for spanwise deformation mode shapes
at different normalized center deflections (wc/T1) near the bifurcation
point for specimen R6S3T1 at central axial location.

Fig. 10b Numerical results for spanwise deformation mode shapes
at different normalized center deflections (wc/T1) near the bifurcation
point for specimen R6S3T1 at edge axial location.
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Fig. 11 Numerical results for load vs central and edge deflections for
specimen R12S3T1: �, center; �, edge 1; and �, edge 2.

considerations, the second local maxima (near a wc/Tn value of 7.5)
is seen in Fig. 10b to correspond to the shell edge deforming into
a mode with an inflection point much like the central deformation
mode. The local minima and maxima near the bifurcation point are,
thus, explained by axial propagation of the asymmetric bifurcation
mode from the shell center to the (free) shell edges.

The observation that the two free shell edges do not deform sym-
metrically throughout the entire shell response indicates a second
two-dimensional aspect of the shell behavior. This second aspect of
the two-dimensional shell response can be investigated by consider-
ation of numerical force vs normalized center and edge deflections.
This type of plot is presented in Fig. 11 for specimen R12 S3T1. Edge
1 corresponds to the back edge in Fig. 1 at an axial position of
−152 mm (6.00 in.) and edge 2 corresponds to the front edge at an
axial position of 152 mm (6.00 in.). Initially, both shell edges lag
behind the response of the center of the shell, that is, at a given load,
the shell center has greater deflection than the edges, but closely
follow one another. Significant differences in the front and back
edge responses are noted after the bifurcation point. The front edge
is noted to lag behind the back edge through the bifurcation re-
gion. This behavior at the shell edges is due to the bending–twisting
characteristic of the laminate. As the shell bends during loading,
the laminate material coupling induces the shell to twist in the x–y
shell plane, causing one shell edge to have a greater deformation
than the other. Thus, due to bending–twisting coupling in the com-
posite laminate, the two shell edges do not deform symmetrically
(as in the isotropic benchmark problem). This twisting is evidenced
in Figs. 9a and 9b as a slanting of the axial mode shapes and is
discussed in Part 1 as axial slanting.45 Thus, asymmetries in the
composite shell response are due to bifurcation (asymmetric mode)
and also due to bending–twisting material coupling in the composite
laminate.

C. Experimental Realities
The measured responses of the composite shells are sensitive

to imperfections and other experimental realities, such as nonideal
boundary conditions,32,52 indentation (contact modeling) at the load-
ing point, and damage formation and propagation. These effects
have not been accounted for in the elastic finite element models in
this work. This is appropriate for many of the shells tested, such as
those discussed in the preceding section, as illustrated by the excel-
lent agreement between analysis and experiment. Thus, the point-
load idealization of the indentor and the mathematical idealization
of the hinged boundary condition are justified for specimens R6 S3T1

and R12 S3T1. Likewise, inevitable imperfections in the specimens
and boundary conditions do not seem to affect the global response
of these shells.

Results when all 18 specimens tested in Part 1 are modeled do
indicate, however, that experimental realities, particularly boundary
conditions, need to be considered in some cases.45 These results
show that, in general, the experimental load-deflection curves from
Part 1 are more compliant than the predicted response. This has been

Fig. 12 Numerical and experimental48 results for central load-
deflection response for specimen R12S3T2, radius = 1.677 m: �, limit
point; �, bifurcation; �, data; and �, simple support.

attributed to compliance in the test fixture that interacts with the
shell response through the hinged boundary condition.32 Boundary
conditions are known to be important in a general sense, but this
is specifically the case in the response of thin composite shells,32,52

and particularly when shell instabilities are involved.53,54 Test fixture
compliance of the kind considered in this work has been discussed
by previous authors in relation to nonlinear collapse of arches at limit
points.51,55 Fixture compliance acts to soften the structural response
and reduce, or even eliminate, limit points in arches.

In the experiments, because the load is introduced under deflec-
tion control, compliance of the test fixture in the direction of loading
(z direction) is unimportant. However, compliance of the test fixture
perpendicular to the applied loading will couple to the measured re-
sponse. Compliance of the test fixture, thus, refers to the in-plane
boundary condition of the hinged support. Rather than being fixed, as
in the numerical idealization, there is a stiffness associated with the
in-plane constraint. The compliant behavior of the experimental data
relative to the numerical models is evident in Fig. 12, where numer-
ical and experimental results are compared for specimen R12 S3T2.
The predicted limit-point and bifurcation response of this shell are
both observed to be much stiffer than the experimental results. This
behavior can be attributed to test fixture compliance.

To investigate the magnitude of the test fixture compliance effect,
a lower bound for the effect of the test fixture is considered when
the shell is allowed to have a traditional simple support rather than
a hinge in the finite element model. Thus, rather than being rigid
(or fixed), the in-plane restraint is modeled as being free. In arch
analyses, a simple support such as this allows the arch to deform
continuously with no critical buckling load. The experimental re-
sponse should, thus, lie between the two extremes of hinged and
simply supported. This is in agreement with the results obtained for
the shells analyzed here, as shown in Fig. 12. The simple support
results are much more compliant than the hinged results and act as
a lower bound to the measured response with regard to this aspect
of the boundary condition. In reality, the test fixture will behave
somewhere between a hinge and simple support, roughly acting as
a spring in series with the stiffness of the shell. Analysis of all spec-
imens tested in Part 1 shows that the hinged and simple support
analyses generally bound the measured behavior.45

D. Implications for Damage Resistance
The numerical and experimental results discussed have implica-

tions for shell damage resistance studies. Bifurcation into asymmet-
ric deformations, as observed here, suggests the possibility of asym-
metric damage formation in composite shells. Asymmetric damage
has been observed for transversely loaded composite shells15,28 but
is not a feature of plate response. Global deformation asymmetries
will drive asymmetric stress states and may cause asymmetric dam-
age formation, for example, the response of specimen R6 S3T1 shown
in Figs. 7a and 7b could damage asymmetrically due to the asym-
metric mode shapes. In such cases, the maximum curvature change
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Fig. 13 Numerical model results for normal stress σyy contours in the bottom −−45-deg ply plotted on the deformed geometry for specimen R6S3T1
during postbuckling (postbifurcation) at a load of 50.5 N; σyy is the normal stress perpendicular to the fiber direction, that is, the normal ply matrix
stress.

along the shell surface does not occur at the loading point, and,
thus, the maximum bending stress can occur away from the loading
point. This situation occurs as a result of the shell bifurcation under
transverse loading and does not occur for plates.

The possibility of asymmetric damage formation is investigated
by consideration of the stress state for a specimen that bifurcates.
Normal stress perpendicular to the ply fibers at the back surface (con-
cave shell surface) is presented in Fig. 13 for specimen R6 S3T1 at a
load of 50.5 N in the post-bifurcated region of the load-deflection
response. This ply stress is considered because transverse matrix
cracks, attributable to this stress, are oftentimes observed on the
back surface of damaged composite plates and shells. The tensile
ply failure stress of approximately 50 MPa in the matrix direction
for this material system is exceeded in an asymmetric region around
the loading point (see detail in Fig. 13). The area where this stress
is exceeded has the same shape as atypical damage states (matrix
cracking and delamination) observed in previous work with com-
posite shells for this laminate and material system.15,28 The atypical
and asymmetric damage states observed in previous work are likely
due to bifurcation and the resultant asymmetric stress distribution.

Asymmetric damage distributions have not been previously ob-
served in work with composite plates. Perhaps more importantly,
asymmetric damage formation is also associated with increased
damage extent relative to that observed for identical plates under-
going comparable transverse loadings.45 Therefore, these observed
asymmetric states associated with shell bifurcation warrant fur-
ther investigation because plate damage resistance and tolerance
investigations may not provide a conservative picture of shell re-
sponse to damage and subsequent loading. Further work, such as
an analysis that incorporates the global bifurcation behavior and
local contact behavior, is suggested to elucidate damage forma-
tion in shell structures. Experimental damage tolerance investiga-
tions are also suggested to understand the effects, if any, of the
atypical and asymmetric damage states observed for composite
shells.

VI. Conclusions
The large-deflection buckling response of composite shell struc-

tures has been calculated by the use of the finite element method with

a novel technique for the induction of bifurcation. The prebuckling,
nonlinear collapse, bifurcation buckling, and postbuckling response
of the laminated composite shells tested in Part 1,45 and an isotropic
benchmark problem, are accurately captured by the models. A full
model with a rather coarse mesh involving only 110 elements is
found to capture the composite response adequately, particularly bi-
furcation. Excellent agreement between the models and experiments
is evident in load-deflection comparisons and, most convincingly, in
deformation evolutions. In particular, specimen R6 S3T1 is seen as a
useful benchmark for subsequent shell analyses given the excellent
agreement between theory and experiment, including nonlinear pre-
buckling, bifurcation, and postbuckling. The novel AMT allows the
bifurcation point and postbuckling to be accurately and efficiently
evaluated when such behavior occurs, that is, the technique does not
impose bifurcation, but rather finds it in the structural response if
it exists. The two-dimensional nature of the shell response, as con-
trasted with a one-dimensional arch-type response, is elucidated by
the numerical models. This two-dimensional response, along with
asymmetries due to bifurcation and laminate material couplings,
give rise to local minima and maxima in the load-deflection re-
sponse near the bifurcation point. These local minima and maxima
are found to be due to axial propagation of the bifurcation deforma-
tion mode of the shell.

The elastic analyses, and comparison with experimental data,
clearly show that bifurcation must be considered in an evaluation
of composite shell response: The critical load, deformation modes,
and (likely) damage are significantly affected by bifurcation. An ex-
ample of a typical fuselage structure, specimen R12 S2T2, bifurcates
at 85% of the (symmetric) limit load in the numerical analyses, indi-
cating that bifurcation must be included to assess this shell response
accurately. Symmetric models typically used to analyze these types
of shell problems cannot capture bifurcation and will yield inaccu-
rate solutions.

Although bifurcation clearly needs to be considered for com-
posite shells such as those considered herein, damage resistance
is the ultimate aim of such modeling efforts. To understand, and
even predict, damage formation will require much more sophis-
ticated modeling efforts that include higher-order effects such as
transverse shear. Further experimentation will also be necessitated:
More careful experimental evaluation of boundary conditions and
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methods of load introduction, as well as characterization (measure-
ment) of structural imperfections are needed to characterize shell
response, including buckling, more accurately. Damage characteri-
zation studies to characterize the onset and propagation of damage
are needed. Further modeling efforts must consider higher-order ef-
fects not considered in the elastic models in this work. A primary
concern, addressed in a preliminary sense in this work, is test fixture
compliance that strongly couples to the shell response in this work.
Likewise, higher-order models will need to address Hertzian con-
tact loading, transverse shear, and scale effects. The elastic models
presented in this work, with good agreement to experimental obser-
vations, provide a certain first step toward a coherent understanding
of damage in laminated composite shell structures.
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